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We discover a pair of stable 3D Dirac points, 3D photonic analog of graphene, in all-dielectric
photonic crystals using structures commensurate with nano-fabrication for visible-frequency pho-
tonic applications. The Dirac points carry nontrivial Z2 topology and emerge for a large range of
material parameters in hollow cylinder hexagonal photonic crystals. From Kramers theorem and
group theory, we find that only the C6 symmetry lead to point group symmetry stabilized Dirac
points in 3D all-dielectric photonic crystals. The Dirac points are characterized using ~k · ~P theory
for photonic bands in combination with symmetry analysis. Breaking inversion symmetry splites
the Dirac points into Weyl points. The physical properties and experimental consequences of Dirac
points are also studied. The Dirac points are found to be robust against parameter tuning and weak
disorders.
PACS numbers: 42.70.Qs,78.67.Pt,03.65.Vf
I. INTRODUCTION
Theoretical predictions and experimental discoveries of
quantum (spin) Hall effect and Weyl points (WPs) in
photonic crystals (PCs) stimulated the study of topo-
logical properties of photonic systems as well as their
applications.1–9 For example, WPs induce unique surface
states with chiral isofrequency contour6,10,11 and strongly
modify photon polarization when light is reflected by the
surface of a medium with WPs.10
Unlike WPs that exist only in systems with broken
time-reversal symmetry (TRS) or inversion symmetry
(IS), 3D Dirac points (DPs) exist in systems with concur-
rent TRS and IS.12,13 3D topological DPs, have attracted
marked research interest recently12–18 as they exhibit a
wide variety of anomalous effects (even not shared with
WPs) such as linear quantum magnetoresistance,17 quan-
tum spin Hall effect,12 and strong diamagnetism.12 DPs
are important also because they are parent states of var-
ious topological states. For example, gap formation in
DPs can lead to topological insulators.12,16,19,20,26
A DP consists of a pair of WPs with opposite chirality
(i.e., a DP is a four-fold degenerate point around which
the effective Hamiltonian resembles that of the famous
Dirac equation), which is usually unstable as the two
WPs can annihilate each other and form a gap. It was
found only recently that a pair of DPs become stable with
certain point group symmetry.12,16 In electronic systems
a DP consists of two-fold spin degeneracy and two-fold
accidental orbital degeneracy.
In photonic systems, however, due to the fundamen-
tal distinction of Kramers theorem for fermions and
bosons (i.e., T 2 = −1 for fermions with T being time-
reversal operation induces double degeneracy, whereas
T 2 = 1 for bosons lack such degeneracy), there is no
spin- (polarization-) degeneracy. It was pointed out in
Ref. 21 that the electromagnetic duality symmetry of the
Maxwell equation can be exploited to generate the two-
fold polarization degeneracy since the duality transfor-
mation D : ( ~E, ~H)→ ( ~H,− ~E); ε→ µ satisfies D2 = −1.
However, such a scheme requires bianisotropic medium
with ε = µ which is difficult to achieve particularly for
optical frequencies. In all-dielectric 3D PCs which ex-
plicitly break electromagnetic duality symmetry21 (since
ε 6= µ), spin- (polarization-) degeneracy of photon with-
out fine-tuning is unlikely.22 For instance, there are only
two-fold degeneracy for the K point (and another two-
fold degeneracy for the K ′ point) for photonic graphene
with both TRS and IS. In comparison there are four-fold
degeneracy for the K point (and another four-fold de-
generacy for the K ′ point) for electronic graphene. The
distinction is due to the absence of Kramers double de-
generacy (i.e., spin-degeneracy) in photonic systems. A
3D photonic DP hence requires four-fold orbital degener-
acy. It is unclear whether such accidental degeneracy is
stable against perturbations. Moreover, designing topo-
logical states in all-dielectric photonic crystals is much
more difficult than in electronic band materials due to
the nature of photonic bands: they are mainly formed by
multiple coherent scattering23,24 rather than local atomic
orbits.
In this work, we discover a pair of DPs with equal
frequency (i.e., in total eight-fold degeneracy at such fre-
quency) in all-dielectric PCs whose structure is commen-
surate with nano-fabrications for visible-frequency ap-
plications. Such paired DPs, as genuine analog of 3D
photonic graphene, have never been found or studied in
the literature of photonics, although the study of Weyl
points and other topological phenomena in photonics
has attracted a lot of attention. Remarkably, the DPs
carry nontrivial Z2 topology and are stable in a large
material-parameter region. We show that C6 is the only
point group symmetry that can stabilize the paired DPs
in 3D PCs. Here the paired DPs are distinct from un-
paired DPs locating at high-symmetry points of the Bril-
louin zone due to fine-tuned parameters25 or nonsym-
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FIG. 1. (Color online) (a) Structure in real-space unit cell of
hexagonal PCs. Hollow cylinders and micropillars are made of
the same material with isotropic permittivity. (b) Top-down
view of hexagonal PC. ~a1 and ~a2 are the two lattice vectors.
a ≡ |~a1| = |~a2| is the lattice constant in the x-y plane. The
height of each unit cell is h = 0.6a. The diameter of each
micropillar is 0.1a and its height is 0.2a. The outer and inner
radii of the hollow cylinder are Rout and Rin, respectively,
whereas its height is 0.4a. (c) First Brillouin zone with a pair
of DPs along the Γ-A line as kinks of the Z2 number vs. kz.
A DP with nD = 1 (-1) is labeled as a red (blue) point. (d)
Dispersion close to a DP.
morphic symmetries26 or Dirac-like points with three-
fold degeneracy.27 As 3D photonic analog of graphene,
the DPs can be exploited for various graphene appli-
cations such as Klein tunneling28 and suppressed back-
scattering which will be useful for robust signal transmis-
sion. Since genuine photonic devices are 3D systems,29
3D photonic DPs are superior for applications than their
2D counterparts.30–33 The paired DPs can also be ex-
ploited as parent states to design other photonic topolog-
ical states, such as 3D topological insulators of light. We
interpret the DPs as accidental but unavoidable degen-
eracy points between the p- and d-like photonic bands,
establishing an “atomic orbits” picture using Mie reso-
nances for the design of topological states in photonics.
Our study provides effective methodology beside the dis-
covery of 3D Z2 DPs in photonic systems.
II. HEXAGONAL PHOTONIC CRYSTALS
WITH C6 SYMMETRY
The hexagonal PC consists of hollow cylinders (with in-
ner and outer radii Rin and Rout, respectively) connected
by micropillars [Figs. 1(a)–1(b)]. The height of each unit
cell is h = 0.6a with a being the lattice constant in the x-
y plane. The micropillars are of the same height 0.2a and
diameter 0.1a. There are six micropillars in each unit cell
with arrangement preserving C6 symmetry. The height
of each hollow cylinder is 0.4a. The Brillouin zone and
high-symmetry points are depicted in Fig. 1(c). A pair
of DPs emerge at (0, 0,±Kz). The DPs carry nontrivial
Z2 topology: They are kinks of the Z2 number vs. kz
[Fig. 1(c)]. A topological number nD = ±1 is associated
with each kink, which is defined as the change of Z2 num-
ber across the kink (with increasing kz). The DPs are ac-
tually monopoles of the SU(2) Berry-flux. They are quite
different from the Weyl points in photonic crystals6,10,11
which are monopoles of the U(1) Berry-flux and have a
Z topological charge. Our work is the first proposal of
the Z2 topological Dirac points in photonic crystals.
Topological DPs appear in pairs: each pair consists of
two DPs of opposite nD (nD can only be ±1 since Z2
can only be 0 or 1), wavevector but the same frequency
[Fig. 1(c)]. The linear dispersion around a DP is shown
in Fig. 1(d). A survey of photonic bands in the first
Brillouin zone is shown in Fig. 2(a). Using permittivity
ε = 12 for dielectric materials and Rout = 0.5a and Rin =
0.4a, our calculation [using MIT photonic bands (MPB)]
gives Kz = 0.338
2pi
h . The frequency of the DPs is about
0.6 2pica (above the light-line).
Here DPs originate from accidental crossing of the p
and d bands [Fig. 2(a)]. Such crossing is unavoidable if
the order of the p and d bands in frequency are switched
at the Γ and A points. Usually the p bands have lower
frequency than the d bands. The inversion of the p and
d bands results in quantum spin Hall effect (Z2 = 1) for
each kz with |kz| < Kz (see Appendix A).20 The double
degeneracy of the p and d bands along the Γ-A line is
guaranteed by the C6 symmetry
46 [their field profiles at
Γ point are shown in Figs. 2(b) and 2(c)]. Interestingly,
the polarization of the p and d bands are mostly Ez-
like. This property is consistent with the picture that
Mie resonances of hollow cylinders can be regarded as
photonic “atomic orbits” from which photonic bands are
derived.35 Indeed, in hollow cylinders the frequency of
Mie resonances for TM polarization is lower than for TE
(see Appendix B). We note that the DPs along the Γ-A
line exist even when the micropillars are removed. In this
situation, however, another DP emerges at the K and K ′
point (see Appendix C).
Due to the complexity of photonic energy bands, up till
now the design of topological properties in photonic crys-
tals remains accidental and challenging particularly for
three-dimensional photonic crystals. This is due to the
essential difference between electronic and photonic en-
ergy bands: The photonic energy bands are consequences
of multiple Bragg scattering of the vectorial electromag-
netic waves as no dielectric material can trap light22–24.
In contrast, electronic band structure can mostly be un-
derstood as hybridization of local atomic orbits. For ma-
terials with inversion symmetry, the Z2 topological index
can be calculated simply by counting band (parity) inver-
sion at high symmetry points in the Brillioun zone. Such
a simplified picture is not available in photonic crystals,
creating lots of obstacles in designing and understanding
the topological properties of photonic bands.
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FIG. 2. (Color online) (a) Photonic band structure of a
hexagonal PC with C6 and inversion symmetry (blue curve in-
dicating light-line). Zoom-in: Band structure along Γ-A line.
The p-bands (red) cross the d-bands (green) at (0, 0,±Kz)
with Kz = 0.338
2pic
h
. The gray curves represent the f -bands.
(b)-(c): Ez field profile in the x-y plane of (b) d-bands and
(c) p-bands at Γ point. A unit cell is depicted by the black
dashed curves. Parameters: Rout/a = 0.5 and Rin/a = 0.4,
and permitivity ε = 12.
Our design is based on that the Mie resonances of hol-
low cylinders can be regarded as photonic local orbits.
The photonic energy bands can be understood as derived
from photon hopping between Mie resonances in neigh-
boring unit cells35 (except for the lowest two photonic
bands which also consist of the plane-wave component,
see Appendix B). The hollow cylinder supports p- and
d-wave Mie resonances with double degeneracy as pro-
tected by the C6 and inversion symmetries
20,46. Exploit-
ing such double degeneracy a pseudo-time-reversal oper-
ation Tp = iσˆyT with T 2p = −1 can be defined where
σˆy is the pseudo-spin Pauli matrix
20 (the double degen-
erate Hilbert space is defined as the pseudo-spin). This
degeneracy property has been exploited to construct 2D
photonic topological insulators recently20. In our hollow
cylinder photonic crystals the p- and d-like bands can be
viewed as derived from the p- and d-wave Mie resonances.
A pair of accidental but unavoidable degeneracy points
of the p- and d- photonic bands are discovered, which
are identified as the Z2 topological DPs. The degeneracy
of the p- and d- bands comes from space group symme-
try rather than the spin (polarization) degree of freedom
of photon. The topological property of those photonic
bands is the same as that of the energy bands in spinless
bosonic systems.
III. PHOTONIC ~k · ~P HAMILTONIAN AND
POINT GROUP SYMMETRY ANALYSIS
Near each (0, 0, kz) point the doubly degenerate d
bands, dx2−y2 and dxy, can be reorganized into the
pseudo-spin-up d+ = dx2−y2 + idxy and spin-down d− =
dx2−y2 − idxy states (similarly for the p bands).20 Using
symmetry and ~k · ~P analysis [see Appendix A],46 the pho-
tonic Hamiltonian near the DPs (0, 0, αKz) (α = ±1) is
constructed as
Hˆα = ω
2
D
c2
1ˆ +
2ωD
c2
{α(v0qz 1ˆ + vzqz τˆz)
+ [(Rev‖ + iσˆzImv‖)(kx − iσˆzky)τˆ+ + H.c.]}. (1)
where ωD is the frequency of the DP, v0 = (vd+vp)/2 and
vz = (vd− vp)/2 with vd > 0 and vp < 0 being the group
velocity of the d and p bands at (0, 0,Kz), respectively.
qz = kz − αKz, and |v‖| is the group velocity in the x-y
plane. τˆz has eigenvalue 1 (-1) for the d (p) band, whereas
τˆ+ = (τˆx + iτˆy)/2. σˆz is the Pauli matrix for pseudo-
spin. The photonic spectrum ωj(~k) (j labeling the band
index) is related to the eigenvalue λj of the Hamiltonian
via c2λj = ω
2
j (
~k). For |kz| < Kz, the above Hamiltonian
resembles that of the quantum spin Hall insulator (Z2 =
1),36 otherwise the band topology is trivial (Z2 = 0).
Eq. (1) represents a class of massless Dirac Hamiltonian.
Since fine-tuned four-fold degeneracy’s at particular
high-symmetry points are unstable, we consider DPs lo-
cated on a symmetric line in the Brillouin zone which
has a point group symmetry (a subgroup of the symme-
try group of the PC). Such point group symmetry can
be rotation along the symmetric line or mirror with re-
spect to a plane containing the line. From group theory,
only C6 (or C6v) group contains two doubly-degenerate
representations, which may allow four-fold accidental
degeneracy.37 Therefore, point group symmetry stabi-
lized DPs can only appear in hexagonal PCs with C6 (or
C6v) symmetry. There are two possible cases that fulfill
such requirements: DPs on the Γ-A line, and DPs on the
K-H line (combined with K ′-H ′ line to restore the C6
symmetry). For both cases, detailed ~k · ~P analysis reveals
that the C6 point group symmetry governs the form of
Hamiltonian and guarantees Z2 topology of the DPs (see
Appendix D). Therefore, among all point group symme-
try, only C6 and C6v can stabilize the DPs. This prop-
erty of photonic bands is in sharp contrast with electronic
bands where several classes of point group symmetry (in-
cluding C3, C4, and C6) can stabilize the DPs.
16 The es-
sential difference is that there is no two-fold spin degen-
eracy of photon in all-dielectric PCs, due to its bosonic
nature and due to the breakdown of duality symmetry.
An IS breaking mechanism is introduced by twist-
ing the micropillars and extending their heights to 0.4a
[Fig. 3(a)]. The degeneracy between the p+ and p− bands
as well as that for the d+ and d− bands are now lifted
[Fig. 3(b)]. However, since the C6 symmetry is kept,
the coupling between those bands remain the same form
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FIG. 3. (Color online) IS broken hexagonal PC with C6
symmetry. (a) Lateral (left) and top-down (right) views of
the structure in a real-space unit cell. (b) Photonic bands
along the Γ-A line with kz > 0. Two WPs are found at (0, 0,
Kz1) and (0, 0, Kz2) with Kz1 = 0.2
2pic
h
and Kz2 = 0.26
2pic
h
,
respectively. Other two WPs in the kz < 0 region are not
shown. (c) Depicting the four WPs in the first Brillouin zone.
Green (yellow) spheres denote WPs with chirality -1 (+1).
(d) Chern number Nc for the p+-d+ bands below the WPs
(blue) and for the p−-d− bands below the WPs (red). (e)
Photonic spectrum near the two WPs. Left: for WP at (0, 0,
Kz1); right: for WP at (0, 0, Kz2).
as in (1). The C6 symmetry guarantees that those four
bands can cross each other, since they have different C6
eigenvalues. Therefore, the IS breaking mechanism only
introduces the following perturbation
δH =
2ωD
αc2
(m1σˆz +m2τˆz +m3τˆzσˆz), (2)
where m1,m2, and m3 are small parameters. The DPs
are split into four WPs [Fig. 3(c)] with unique topology
[Fig. 3(d)]: The Chern number of the pseudo-spin-up
(-down) bands below the WP is -1 (1) for kz between
−0.2 2pih (−0.26 2pih ) and 0.26 2pih (0.2 2pih ). The total Chern
number is nonzero only for 0.2 < |kz|h/(2pi) < 0.26. This
special distribution of Chern number is a signature of Z2
topological DPs. This unique property also influences
the chiral surface states induced by the WPs as shown in
the Appendix E. There we show that chiral surface states
can appear at the boundary between two IS broken pho-
tonic crystal with opposite chirality. The chiral surface
states can be observed in experiments to verify our pre-
dictions here. The kz dependent one-way edge states
at such boundaries can be exploited for non-reciprocal
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FIG. 4. (Color online) (a) Angular-momentum distribution
on a sphere surrounding the WP at (0, 0,−0.2 2pic
h
) for an IS
broken PC (same parameters as in Fig. 3). Calculated for
the band below the WP. (b) Measurement set-up for back-
scattering suppression in a PC with DPs. If the small defect
at the center of the PC preserves C6 symmetry, the back-
scattering is suppressed; otherwise, the back-scattering con-
siderably reduces transmission. (c)-(d): Phase diagrams of
hollow-cylinder hexagonal PCs with (c) and without (d) IS
for various Rout and Rin.
waveguides. Recently, photonic edge states are exploited
for protected quantum-entanglement propagation38,39.
The spectrum of the two WPs with kz > 0 is shown
in Fig. 3(e). The spectrum for kz < 0 are related with
that for kz > 0 via the TRS. For example, p+ state with
wavevector ~k has the same frequency as p− state with
wavevector −~k. The WPs connected by TRS are of the
same chirality.
IV. PHYSICAL CONSEQUENCES AND
ROBUSTNESS OF DIRAC AND WEYL POINTS
One salient feature of a DP is the angular-
momentum(AM)–wavevector locking:12–14,17 around the
DP the direction of AM is uniquely determined by the
wavevector. Note that away from the DP the doubly de-
generate bands have opposite AM according to concur-
rent TRS and IS. To visualize the AM-wavevector lock-
ing, one needs to break, e.g., IS. In Fig. 4(a) we plot the
distribution of AM on a sphere surrounding the WP at
(0,0,-0.2 2pih ) for the IS broken PC studied in Fig. 3. The
correlation between the AM and the wavevector is clearly
visible. The winding geometry of AM on the sphere con-
vinces the chirality of the WP. When the radius of the
sphere is small enough (≤ 0.01 2pia ) the AM distribution
does not vary with the radius. Such 4pi winding angle of
AM is a topological property of the WP with chirality
+1.
AM-wavevector locking is at the heart of various
5novel properties of graphene and Dirac semimetal12–14,17
such as Klein tunneling,28 pseudodiffusive transport,30,32
suppressed back-scattering,17 and Zitterbewegung of
photon.31 Suppression of back-scattering can be exper-
imentally verified via the transmission measurement il-
lustrated in Fig. 4(b). A small defect embedded in the
PC may deflect the incident light depending on its sym-
metry. If the defect preserves the C6 symmetry, then
scattering is suppressed. In comparison, a defect with
C3 or C1 symmetry can mix all of the four nearly degen-
erate modes around the DP and break down the protec-
tion from back-scattering. The above phenomenon can
be used as another experimental signature (via compar-
ing the transmission contrast) of the DPs.
The field profiles can also be exploited to identify the
topological WPs in the IS-broken photonic crystals [see
Appendix F]. We found that the Poynting vector exhibits
spatial distributions similar to the skyrmion configura-
tion. The winding direction of the Poynting vector co-
incides with the direction of orbital angular momentum
(i.e., along z direction).
To study the robustness of the DPs and WPs, we calcu-
late the phase diagram of the hexagonal PCs with various
inner and outer radii for both PCs with and without IS.
The results are shown in Figs. 4(c) and 4(d). We find
that a pair of DPs emerge for a large range of parame-
ters, indicating robustness of the DPs. In fact, the DPs
can only be annihilated or created at the Γ or A point,
which is the physical origin of their robustness. Since
WPs are derived from the DPs, they are also robust and
emerge in a large region of material parameters. Arrows
in Figs. 4(c) and 4(d) indicate the tendency that the DPs
or WPs move toward the Γ point when the outer or in-
ner radius is reduced [see Appendix G]. The DPs are also
robust to weak disorders such as fabrication errors, as
discussed in Appendix H. We simulated the fabrication
resolution with the finite spatial resolution in computa-
tion via MPB. It is found that at small spatial resolution
the Dirac points are splitted. The splitting is less than
5% of ωD for resolution greater than 16. For resolution
24, the splitting is below 1% of ωD. These results indicate
that fabrication error within 5% of the lattice constant
is well sufficient to preserve the Dirac points, which can
be well achieved in the state-of-art fabrication methods
of photonic crystals.40
V. CONCLUSION AND PERSPECTIVES
We proposed the first realization of topological Z2 DPs
as 3D photonic analog of graphene in all-dielectric PCs.
We showed that they can exist only in hexagonal PCs
with C6 symmetry. Future research efforts need to be
devoted to the novel properties of 3D photonic graphene
as well as its applications, though some of them are dis-
cussed in this work. At present stage several applications
can be conceived: First, it can be used as effective zero-
refractive-index medium without loss.33 Second, it can
exploited for frequency-, angle-, wavevector- and AM-
selective transmission.41 Third, the Imbert-Federov ef-
fect depends on the winding geometry of AM around the
WPs as shown in Ref. 42. The Imbert-Federov effect will
be qualitatively distinct for different WPs in our PCs.
Fourth, the DPs can be used to design other photonic
topological states, such as 3D topological insulators of
light. Fifth, the DPs can be used as a mechanism to
suppress back-scattering and enhance signal transmis-
sion length in communications.43 This mechanism will
be especially valuable if a PC fiber design with DPs is
invented.
We also remark that if an electronic version of our
model is realized, there will be a pair of stable Z2 double
Dirac points, each of which has eight-fold degeneracy (in-
cluding two-fold spin degeneracy). These novel materials
are discussed only very recently.44 Finally, we emphasize
that DPs realize all those applications without breaking
TRS and IS, which considerably reduces material and
fabrication difficulties.
Note Added: Shortly after finalization of this work, a
proposal exploiting a pair of DPs on the K-H line of a
hexagonal PC with C6 symmetry as the mother state to-
ward 3D all-dielectric weak topological insulator of light
was raised.45
ACKNOWLEDGMENTS
We thank supports from the faculty start-up funding
of Soochow University and the National Science Founda-
tion of China for Excellent Young Scientists (grant no.
61322504). J.H.J thanks Sajeev John, Suichi Murakami
and Xiao Hu for helpful discussions.
Appendix A: The ~k · ~P theory for photonic energy
bands
We use the ~k · ~P theory on the study of the pho-
tonic band structure near the Γ-A line (i.e., we consider
k‖ ≡ |~k‖| with ~k‖ = (kx, ky) to be small). The eigen-
value problem in photonic band structure is to solve the
following Maxwell’s equations
∇× 1
ε(~r)
∇× ~Hn,~k(~r) =
ω2
n,~k
c2
~Hn,~k(~r), (A1)
where n is the band index and ~Hn,~k(~r) is the Bloch func-
tion of the magnetic field of photon. The Bloch function
is normalized as
∫
u.c.
d~r ~H∗
n′,~k
(~r) ~Hn,~k(~r) = δnn′ with u.c.
denoting the unit cell (i.e., integration in a unit cell).
The Hermitian operator ∇ × 1ε(~r)∇× can be viewed as
the photonic Hamiltonian.
The essential idea of the ~k · ~P theory around the Γ-A
line is to expand the Bloch wave function at ~k with the
wavefunction at (0, 0, kz) which is denoted as ~Hn,0,kz (~r).
6Using such expansion, we obtain the following ~k· ~P Hamil- tonian,
Hnn′(~k) =
ω2n,0,kz
c2
δnn′ + ~k · ~Pnn′ −
∫
u.c.
d~r
ε(~r)
~H∗n,0,kz (~r) · [~k × (~k × ~Hn′,0,kz (~r))], (A2)
where ωn,0,kz is the eigen-frequency of the n
th band at the Γ′ = (0, 0, kz) point. The matrix element of ~P is given by
~Pnn′ =
∫
u.c.
d~r
ε(~r)
[ ~Hn′,0,kz (~r)× (i∇× ~H∗n,0,kz (~r)) + (i∇× ~Hn′,0,kz (~r))× ~H∗n,0,kz (~r)]. (A3)
We notice that the matrix element of ~P is nonzero only
when the n and n′ bands are of different parity. More-
over, the (approximate) conservation of orbital angular
momentum along z direction Lz dictates that the ~P ma-
trix element is prominent only between bands of angular
momentum difference ±1. Therefore, the coupling be-
tween the p and d bands are within the same pseudo spin,
that is, between p+ and d+ (Lz = ~, 2~, respectively), or
between p− and d− (Lz = −~,−2~).
(a) (b) (c)
FIG. 5. Photonic dispersion in kx-ky plane around the
(0, 0, kz) point for (a) kz < Kz, (b) kz = Kz, and (c) kz > Kz.
There are two nearly degenerate bands above and below the
Dirac point. The arrows indicate the orbit angular momen-
tum distribution for the pseudo-spin up bands. Note that the
orbit angular momentum has been substracted by an univer-
sal constant 3
2
~ (i.e., the average orbit angular momentum
between the p+ and d+) state.
Using the symmetry properties of the |px〉, |py〉,
|dx2−y2〉 and |dxy〉 wavefunctions and the Px and Py
operators, one can find that20,46 〈px|Px|dx2−y2〉 =
〈px|Py|dxy〉 = 〈py|Px|dxy〉 = −〈py|Py|dx2−y2〉. There-
fore, 〈p+|H|d+〉 = 〈p−|H|d−〉∗ = A‖k‖eiθk , where θk ≡
Arg[kx + iky] and A‖ ≡ 〈px|Px|dx2−y2〉. Thus the ~k · ~P
Hamiltonian written in the basis of (d+, p+, d−, p−)T is
H = 2ω0
c2

ω2d(
~k)
2ω0
v‖k‖e−iθk 0 0
v∗‖k‖e
iθk
ω2p(
~k)
2ω0
0 0
0 0
ω2d(
~k)
2ω0
v∗‖k‖e
iθk
0 0 v‖k‖e−iθk
ω2p(
~k)
2ω0
 ,
(A4)
where ω0 is the frequency of the Dirac point and v‖ ≡
A∗‖c
2
2ω0
. The group velocity in the x-y plane is |v‖| which
is a function of kz. To the lowest nontrivial order in ~k‖
and kz, ωd(~k) = ωd,0(kz) and ωp(~k) = ωp,0(kz).
The condition ωp,0(kz) = ωd,0(kz) is satisfied only at
kz = ±Kz (more rigorously, the two points (0, 0,±Kz)
are the only points where the p and d bands become
degenerate). The topological phase transistion as a func-
tion of kz is illustrated in Fig. 5. For kz < Kz the band
structure and spin configuration resembles that of a Dirac
electron with negative mass. It is known that the neg-
ative mass Dirac equation describe the Z2 topological
insulator in electronic system.47,48 For kz = Kz the band
gap closes and a Dirac cone emerges. For kz > Kz the
cone is gaped again where the spin configuration resem-
bles that of a Dirac electron with positive mass.
When the six micropillars are twisted, the symmetry
of the photonic crystal is reduced from C6v ⊗ Iz to C6
(Iz is the inversion along the z direction). Since Iz is
broken, the spectrum for kz > 0 is no longer the mirror
of that for kz < 0. However, the TRS guarantees the
degeneracy between the |p+, kz〉 state and the |p−,−kz〉
state as well as the degeneracy between the |d+, kz〉 state
and the |d−,−kz〉 state. Since the C6 symmetry is kept,
those four bands can cross each other at ~k‖ = 0, as they
correspond to different eigenvalues of the C6 operator.
Therefore, along the Γ-A line the following “mass terms”
are introduced ∼ m1σˆz+m2τˆz+m3τˆzσˆz (the three quan-
tities, m1, m2, and m3 are the “masses”) which gap out
the Dirac point. Those mass constant are odd functions
of kz due to TRS. As a consequence, the DPs are split
into WPs with chirality shown in Fig. 3.
7Appendix B: Mie resonances in hollow cylinder and
their connection with photonic energy bands
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FIG. 6. Mie resonances of infinitely long hollow cylinder. a,
The scattering cross section as a function of the frequency of
the incident plane wave with TM polarization (Ez polariza-
tion, z direction is along the cylinder). b, The scattering cross
section vs. the frequency of the incident plane wave with TE
polarization (Hz polarization). c,d,e, The electric field pat-
terns |Ez| at the first, second, and third resonances for the
TM polarization, respectively. They are identified as the p-
, d-, and f -wave scatterings. f.g.h., The electric field |Ez|
patterns in the x-y plane in a unit cell (averaged over the z
direction) for the p, d, and f states in the hollow cylinder
photonic crystal, respectively.
When light is scattered by dielectric object, there are
geometry induced resonances which appear in the fre-
quency dependence of the scattering cross-section. This
is known as the Mie resonance. The rigorous connec-
tion between the Mie resonance and the photonic bands
was systematically established by Lidorikis et al.35 In-
spired by the fact that the Mie resonance frequencies are
related to the photonic energy bands, those authors ex-
tended the idea of the linear combination of atomic or-
bitals method to photonic energy bands. In their theory
the Mie resonances of isolated cylinder are treated as
the atomic orbitals of photonic crystals. The hybridiza-
tion/transfer between neighboring localized resonances
leads to the formation of the photonic band. Particu-
larly, in a tight-binding theory, one can expand the pho-
tonic wavefunction as superposition’s of the plane wave
and the Mie resonances,
~Ψn,~k =
αn√
V
ei
~k·~r +
βn√
V
∑
~R
~Ψn(~r − ~R)ei~k·~R (B1)
where ~Ψn(~r − ~R) stands for the wavefunction of the Mie
resonance at the ~R lattice site (~R is the position of the
center of that lattice site), αn and βn denote the coeffi-
cient for the plane wave and the Mie resonance, respec-
tively. The index n here labels the Mie resonance, from
s to px, py, etc. V is the volume of the photonic crys-
tal. The plane wave component is nonzero only for the
n = 0 (i.e., the s-wave case). The plane wave compo-
nent is a unique feature of the photonic bands, because
it dominates the photonic wavefunction in the long wave
length (i.e., low frequency) limit. It has been shown by
Lidorikis et al.35 that the above wavefunction can be used
as basis to expand the wavefunctions of the photonic en-
ergy bands. For example, the first photonic bands is
plane-wave-like for small |~k|, while it gradually becomes
s-wave-like and mix with other resonances at large |~k|.
Higher photonic bands are dominated by the Mie reso-
nances. A solid connection between Mie scattering cross-
section, resonance frequency and the scaling function of
the tight-binding parameters is also established in the
work of Lidorikis et al.35
In Fig. 6a the frequency dependence of scattering cross
section is shown for a hollow cylinder with outer radius
0.5a and inner radius 0.4a (the same as the hollow cylin-
ders in our photonic crystal) for the TM polarization (cal-
culated via COMSOL MultiPhysics). Fig. 6b gives the
results for the TE polarization. In both calculation the
cylinder is assumed to be infinitely long, and the pho-
ton wave vector is in the x-y plane. Thus, the problem
considered is a two-dimensional problem.
The scattering cross-section as a function of the fre-
quency of the incident plane wave is shown in Figs. 6a
and 1b for the two situations when the incident wave is
TM polarized (i.e., Ez polarized) and when it is TE po-
larized (i.e., Hz polarized), respectively. There are sev-
eral peaks in the two figures which are the recognized as
the Mie resonances. The electric field |Ez| patterns at
the resonant frequency’s are shown for the TM polariza-
tion in Figs. 6c, 1d, and 1e. The field patterns show p, d,
and f -wave symmetry for the second, third, and fourth
resonances for the TM polarization. We notice that the
TE resonances have much higher frequency than the TM
resonances. The field patterns of the TM Mie resonance
is comparable with that of the p, d and f photonic states
in the hollow cylinder photonic crystal (see Figs. 6f, 1g,
and 1h). The resonant frequency’s for the p- and d-wave
scatterings for the TM polarization are 0.3 and 0.42, re-
spectively. These numbers, multiplied by the square root
of the effective permittivity in our three-dimensional pho-
tonic crystal, εeff = fεsilicon + (1 − f)εair = 1.9, with
f = 0.236 (εsilicon = 12 is the permittivity for the di-
electrics, e.g., silicon) being the filling ratio of silicon,35
yield 0.57 and 0.8 2pica , respectively. This rough estima-
tion gives quite comparable results with the frequency’s
of the p- and d- photonic bands at the A point of our
photonic crystal, 0.53 and 0.65 2pica , respectively.
8Appendix C: Dirac points without micropillars
FIG. 7. Photonic band structure of hexagonal photonic
crystal without micropillars. The height of the unit cell is
0.6a. The green curve represents the p bands, whereas the
red curve for the d bands. The blue curve denotes the light-
line. The height of the hollow cylinder is 0.4a (there is no
micropillars). Other parameters: Rout/a = 0.5 and Rin/a =
0.4, and ε = 12.
Here we show that the Dirac points exist even when
the six micropillars are removed. The simplified struc-
ture is maybe more attractive for applications. The pho-
tonic bands are shown in Fig. 7. It is seen that the
Dirac points also emerges as an accidental crossing of
the doubly-degenerate p and d bands above the light-
line. Meanwhile there is a Dirac point emerge on the
K-H and K ′-H ′ line. Although there is only two-fold
degeneracy at the K point from the figure, taking into
account of the degeneracy at the K ′ point with the same
frequency, in total it is four-fold degeneracy, i.e., a Dirac
point.
Appendix D: Symmetry analysis
We now analyze the constraints of the time-reversal
symmetry (TRS), inversion symmetry (IS) and C6 rota-
tion symmetry on the photonic Hamiltonian. Let us look
at the following form of a 4× 4 Hamiltonian,
H(~k) =
(
h↑↑(~k) h↑↓(~k)
h↓↑(~k) h↓↓(~k)
)
, (D1)
where each h is a 2 × 2 matrix which is a linear combi-
nation of τ0, τx, τy and τz (τ0 is identity matrix).
First, the pseudo-time-reversal symmetry H(−~k) =
ΘH(~k)Θ−1 with Θ = iσyK gives rise to the following
constraints, h↓↓(~k) = −h∗↑↑(−~k) and h↑↓(~k) = hT↑↓(−~k)
where T denotes transposition. We can thus describe the
total Hamiltonian using only h↑↑ and h↑↓. The pseudo-
time-reversal symmetry can always be defined whenever
there is a two-fold degeneracy.49 Ref. 20 showed how to
construct the pseudo-time-reversal symmetry for the p
and d bands in C6 symmetric photonic crystals.
Second, the inversion symmetry is H(−~k) =
PH(~k)P−1 with P = τz. This imposes the fur-
ther restrictions, h↑↑(~k) = τzh↑↑(−~k)τz and h↑↓(~k) =
τzh↑↓(−~k)τz.
We remind the readers that in construction the pseudo-
time-reversal operator and the inversion operator we have
already used the properties that the four bands are the
eigen-representation of the C6 symmetry with opposite
parity. Using the ~k · ~P theory up to linear terms in
~k, one finds that the coupling between different bands
is only within each pseudo-spin. This coupling between
bands with opposite parity has a winding phase in kx-ky
plane in order to conserve the angular momentum along
z direction.16,50 Hence, up to linear terms in ~k,
h↑↑(~k) = c1(kz)τ0 + c2(kz)τz
+ [c3(kz)(kx ± iky)τ+ + H.c.], (D2)
h↑↓(~k) = 0, (D3)
where c1(kz), c2(kz), and c3(kz) are even functions of kz.
The sign ± depends on the definition of the pseudo-spin.
According to Ref. 16, the C6 symmetry can also sta-
bilize Dirac points the off-diagonal terms in h↑↑(~k) is of
the form ∼ kz(kx± iky)2. Such coupling is impossible for
photonic bands, because it is of the form between bands
with same parity in x-y plane which will anti-cross at a
generic ~k point along the Γ-A line (since at such ~k point
there is only C6 symmetry, the two doubly-degenerate
bands with same parity will belong to the same repre-
sentation, hence C6 symmetry cannot prevent them from
anticrossing).
Therefore, in photonic crystals the only possible Dirac
points is of the same form as what we discussed in the
main text. The other possible case is for the Dirac points
on the K-H line. The simplest way to understand this is
that by enlarging the unit cell in real space, the K-H line
folds back to the Γ-A line.20 Therefore, the situations are
similar to what was discussed in the main text.
Appendix E: Topological surface states
Due to the existence of the f -bands, there is no com- plete band gap for the hollow cylinder photonic crystal
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FIG. 8. a, Supercell structure for the calculation of the edge states. In the middle is the photonic crystal with micropillars
twisted clockwise (represented by blue circles). In the other regions are the photonic crystal with anticlockwise twisted mi-
cropillars (depicted as gray circles). The structure of the two types of photonic crystals are shown above the supercell. For a
given supercell we calculate the photonic band structure with a given kz for various ky (kx = 0 as the system has finite size
along the x direction). b, Chern numbers for the p+ and d+ bands (green) and for the p− and d− bands (yellow) below the Weyl
points as functions of kz for the photonic crystal with micropillars twisted clockwise. c, Chern numbers vs. kz for the photonic
crystal with anticlockwise twisted micropillars. d, Total Chern number difference ∆NC = NC(clockwise)−NC(anticlockwise)
as a function of kz.
with inversion symmetry. Nevertheless, for the inversion
symmetry broken photonic crystal, there is complete pho-
tonic band gap for kz . 0.3 2pih . We calculate the edge
states for the inversion symmetry broken photonic crys-
tal using the supercell illustrated in Fig. 8(a). Two arm-
chair boundaries are formed between two types of pho-
tonic crystals with clockwise and anticlockwise twisted
micropillars. Edge states emerge at the two boundaries
as governed by the band topology. According to the ~k · ~P
analysis, the Chern numbers for the p+ and d+ and for
the p− and d− bands below the Weyl points are plotted
in Fig. 8 for the two twisted-micropillar structures. For
the clockwise-twisting structure, the Chern numbers are
shown in Fig. 8(b). For the anticlockwise-twisting struc-
ture, the dispersion of the p+-d+ bands are switched with
the p−-d− bands. Thus, for both the kz > 0 and kz < 0
regions, the position of the Weyl point with positive chi-
rality switches with the position of the Weyl point with
negative chirality. This modifies the kz-dependence of the
Chern number [see Fig. 8(c)]. The difference of the total
Chern number between the two types of photonic crys-
tals, ∆NC = NC(clockwise)−NC(anticlockwise), is plot-
ted in Fig. 8(d) as a function of kz. The two types of pho-
tonic crystals have perfectly matched photonic band gap
which is suitable for the calculation of the edge states.
We calculate the edge states for kz = 0, 0.225
2pi
h ,
and 0.3 2pih for a supercell with 9 periods of clockwise-
twisting structures and 11 periods of anti-clockwise-
twisting structures along the x direction [see Fig. 9(a)].
According to Fig. 8(c), the Chern number difference
is zero for kz = 0 and 0.3
2pi
h , while ∆NC = −2 for
kz = 0.225
2pi
h . To carefully take into account of the finite
size effect in the supercell calculation (as the band gap
can be very small here), we plot the photonic spectrum
for the heterostructure (blue) together with the spectrum
for the supercell with the same size but with only the
anti-clockwise-twisting structures (gray) [The two kinds
of supercell are illustrated in Fig. 9(a)]. Since the super-
cell with only the anti-clockwise-twisting photonic crystal
has no boundary, its spectrum acts as a good reference
for the bulk photonic spectrum with the finite size effect
included.
In Fig. 9(b) the blue and gray (with gray on top) spec-
tra are almost identical. Although the finite size effect
closes the band gap near ky = 0, the results show that
there is no edge states for kz = 0. Note that the dis-
persion near ky = 0 is not due to edge states. We have
checked the projected bulk photonic bands [red and black
points in Fig. 9(b) for the upper and lower band edges,
respectively]. It is seen that the projected photonic band
gap can be very small near the ky = 0 region. The pho-
tonic band gap actually closed for finite size supercell
10
with a single type of photonic crystal (as depicted by the
gray curves). Note that the “curves” in Figs. 9(b), 7(c)
and 7(d) are actually made of (many) points from the
band structure calculation using MPB. We did not con-
nect them artificially. Fig. 9(c) clearly demonstrates the
existence of edge states for kz = 0.225
2pi
h in the common
photonic band gap. For kz = 0.3
2pi
h [Fig. 9(d)], the pho-
tonic band gap is very small, we did not notice any edge
state.
To further prove the existence of edge states and study
their properties for kz = 0.225
2pi
h , we plot the electro-
magnetic energy density
∫
dzε(~r)| ~E(~r)|2 in the x-y plane
for the a, b, c, and d points in the photonic spectrum
in Fig. 9(c). From Fig. 10 it is seen that there are two
edge states at the right-hand-side boundary, the a and
d points. From the photonic spectrum in Fig. 9(c) we
find that the group velocity at both the a and d points
are positive [leading to two anticlockwise (from top-down
view) edge modes]. Therefore, there are two one-way
edge states at the boundaries for kz = 0.225
2pi
h , which
is in accordance with the Chern number difference given
in Fig. 8(d). This simulation proves our analysis of the
topology of the photonic bands based on symmetry and
the ~k · ~P theory.
Appendix F: Spatial field patterns and Poynting
vector profiles
In the chiral photonic crystal (shown in Fig. 3) the
four states, p+, p−, d+, and d−, can be identified via
their Poynting vector profile. In Fig. 11, we plot the spa-
tial profile of the Poynting vector (i.e., the time-averaged
value Re[ ~E∗ × ~H]/2) as well as that of the electromag-
netic energy density (i.e., ε| ~E|2(~r)) on the surfaces of a
block that contains a unit cell for the four photonic bands
at ~k = (0, 0, 0.1 2pih ). The spatial patterns of the Poynting
vector are plotted in the x-y plane in Fig. 11. It is noted
that the Poynting vector exhibits spatial distributions
similar to skyrmion configuration. In such skyrmion con-
figuration the Poynting vector winds around the z axis.
The winding direction is the same as the pseudo-spin di-
rection, revealing the finite orbital angular momentum
of the four states. In addition, the Poynting vectors at
the center point along z whereas at the boundaries they
point along −z. Such flip of the Poynting vector, along-
side with the winding texture comprises the full skyrmion
configuration. We remark that those special field profiles
can be used to identify topological photonic bands in chi-
ral photonic crystals.
In each figure, on the three boundary planes (i.e., the
x-y, y-z, and x-z planes) we plot the energy density
ε| ~E|2(~r) by color. The red color represents high energy
density, while the blue denote low energy density. For
example, the energy density distribution in the x-y plane
has a ring pattern for p± states (the ring coincides with
the cross-section of the hollow cylinder). From the fig-
ures we notice that the electromagnetic energy is mostly
localized on the cylinder for both p and d bands. How-
ever, the energy density profile for the d bands is more
anisotropic and dispersed away from the cylinder.
Appendix G: Moving and Annihilating of Z2 Dirac
point
Here we show the moving of the Dirac points when
the inner radius of the hollow cylinder is significantly
changed, to demonstrate the robustness of the Dirac
points in our photonic crystal. In Fig. 12, we plot the po-
sition of the Dirac point Kz as a function of the inner ra-
dius Rin of the hollow cylinder at fixed outer raidus Rout.
The two curves represent the case with Rout = 0.5a. It is
clearly seen that Kz decreases with decreasing Rin. At
very small Rin the Dirac points are moved to the Γ point
and annihilated there. This confirms that the Z2 Dirac
points can only be created and annihilated in pairs, and
demonstrates the robustness of the Z2 Dirac points.
Appendix H: Robustness against weak disorders
In this section we study the robustness of the Dirac
points against disorder effects such as fabrication errors.
We use MPB to calculate the photonic band structure.
In MPB the Maxwell equation is solved via real space
grid method. The space resolution N (i.e., how many
grid points for the distance of the lattice constant a) in
MPB calculation is a natural way to simulate the space
resolution in fabrication. We calculate the splitting of the
Dirac points (i.e., the largest frequency minus the small-
est one) vs. the simulation resolution and plot the results
in Fig. 13. From the figure we find that the splitting of
the Dirac points is smaller than 5% of the frequency at
the Dirac point ωD for resolution greater than 16. For
resolution 24, the splitting is below 1% of the frequency
at the Dirac point. These results indicate that fabrication
error within 5% of the lattice constant is sufficient to pre-
serve the Dirac points, which can be well achieved in the
state-of-art fabrication methods of photonic crystals.40
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FIG. 9. (a), The supercell structures calculated. Up: the heterostructure with two types (clockwise and anticlockwise twisted
micropillars) of photonic crystals. Down: the structure with only one type of photonic crystal (the one with anticlockwise
twisted micropillars). (b), The photonic spectrum with kz = 0 for various ky. The blue curves give the spectrum for the
heterostructure, while the gray curves give the spectrum for the supercell with only one type of photonic crystal [the same color
scheme is applied to (c) and (d), as well]. The gray curves are on top of the blue curves for (b), (c), and (d). The projected
bulk photonic bands are depicted by the red and black points for the upper and lower band edges, respectively. (c) and (d),
The photonic spectrum for the heterostructure and uniform structure with kz = 0.225
2pi
h
and kz = 0.3
2pi
h
, respectively. There
are four edge states in (c). We label four special points a, b, c, and d, with ky = ±0.2 2pia . The properties of these four points
will be shown in Fig. 10.
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FIG. 10. Electromagnetic energy density
∫
dzε(~r)| ~E(~r)|2 in
the x-y plane for the a, b, c, and d points in the photonic
spectrum in Fig. 9(c).
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d- state
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x
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z
d+ state
FIG. 11. Spatial field patterns on the surfaces of a
block that contains a unit cell for the p± and d± bands at
~k = (0, 0, 0.1 2pi
h
) in chiral photonic crystal. In each figure, on
the three boundary planes (i.e., the x-y, y-z, and x-z planes)
we plot the energy density ε| ~E|2(~r) by color. The red color
represents high energy density, while the blue denote low en-
ergy density. The Poynting vector (the time-averaged value
Re[ ~E∗ × ~H]/2) distribution is also plotted in the x-y plane.
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FIG. 12. Dependence of the position of the Dirac point Kz
on the inner radius Rin of the hollow cylinder. For small Rin
the Dirac points are moved to the Γ point and annihilated in
pair.
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FIG. 13. Splitting of the Dirac points vs. simulation res-
olution. Parameters: Rout/a = 0.5 and Rin/a = 0.4, and
ε = 12.
